1.
In this section G denotes a group of order pm and exponent p . Let m, n be natural numbers. This identity holds for arbitrary finite p-groups. In this note we prove the following.
Theorem. Let G be a p-group of order pm and exponent p, 2 < n < m -2. Then the number of subgroups of order p" in G is congruent to 1 + p + 2p modulo p .
We use the following Lemma 1. Let G be a p-group of order pm and exponent p, d -d(G). (e) In virtue of (c) we set K3(H) = 1 . Then |C7| = p4 by (b) so G is not extra-special. Hence \Z(G)\ = p2. Let x € Z(G) -tf>(G). Then G = (x) x F with F < G and our assertion is obvious.
(f) As in (e) we assume that K3(H) = 1 where H is a two-generator maximal subgroup of G. Then m = 4 and \MX\ = 1 +p. Since \Z(G)\ -p then Mx contains only one Abelian subgroup of index p, and (f) is proved. Corollary 1. Let G be a p-group of order pm and exponent p, 3 < n < m. Then G contains kp two-generator subgroups of order p" . Here k is nonnegative integer.
Proof. From Lemma 1 (e,f) this assertion is true for n -m -1. If n < m -1 the result follows by induction using (1).
Remark. Let G be as in Corollary 1, 3 < n < m -2. If every two-generator subgroup of order ps, n < s < m , contains a two-generator subgroup of index p then the number of two-generator subgroups of order pn in G is divisible by p . For the proof it is necessary to use Lemma 1(d).
Proof of the theorem. Suppose that the theorem is proved for all proper subgroups of G. Let 971 be the set of all subgroups of order p" in G. In virtue of ( 1 ) we have (2) n(G)= Yl "(H)-P E »(#) (mod/)
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(a) n = m -2.
(la) d = 2.
If G contains a two-generator maximal subgroup then it contains exactly p such subgroups (Lemma 1(f)). Hence
If G contains a two-generator maximal subgroup then by (2) 
2.
We apply some of the results of the previous section to irregular /?-groups.
Lemma 2. Let H be a subgroup of order p" and exponent p in a p-group G, n <p. IfCix(G) = (x€ G\xp = 1) > H then H < F <G where \F\ = pn+x and exp F = p .
Proof. Let N = NG(H). If x is an element of order /? in N-H then (x, H) has order pn+ < pp so it is regular and exp(x ,//)=/?.
In this case we set
F = (x,H). If H = QX(N) then H is characteristic in N so N = G, a contradiction, since QX(N) = H < QX(G) = Q.X(N).
Corollary 2. Let G be an irregular p-group, 2 < n < p -e where Hence t = bx-\-h bt = ax H-h £Zr = 0 (mod /?), and our assertion is proved.
Lemma 1 (a) has the following. Let y be an element of order /? in G. Then M = (y, H) has exponent p , \M : H\ = p, since yp € H. As in the preceding paragraph we obtain a contradiction. Hence M is Abelian and £l2(G) < CG(H), and the corollary is proved.
Lemma 3. Let G be a finite p-group of order pm , m > p + 2.
(a) [3] . If G contains a maximal subgroup H which is absolutely regular (i.e. \H: (xp\x € H)\ < pp), and if G is not absolutely regular or of maximal class then G = //Q,(G).
(b) [2, 4] . Suppose p + 1 < n < m, G is not of maximal class. Then the number of subgroups of maximal class and order p" in G divisible by p . If Mx contains an element of maximal class then it contains exactly p such elements (Lemma 3(b)) and for any such subgroup F we have n(F) = 1 (mod /? ). Hence by (4) and induction we have n(G)=p2 + (1 +p)(l+p)-p=l+p (mod/?2), and the corollary is proved.
